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Abstract. In this paper we present the generalization of the g-derivative and investigate
its properties. The formula of conjugation for scalar products with respect to the Lebesgue
and discrete measures is obtained. This formalism is applied to classical mechanical systems
depending on functional derivatives. We derive the deformed Euler-Lagrange equations
and deformed Poisson bracket by an assumption that it determines the functional evolution
of the systems. It appears that in such models a Hamiltonian analogue is no longer conserved
in time. For a few examples the explicit forms of constants of evolution are given.

1. Introduction

Recently various aspects of g-deformed algebras [1, 2] were considered. The annihila-
tion and creation operators of independent g-oscillators, first defined in papers by
Biedenharn [3] and MacFarlane [4] became a useful iool in the construction of
deformed Lie algebras [5-7]. These new mathematical objects were applied to physical
models, e.g. in the vertex and spin models [8, 9], and quantum optics [10]. On the
other hand, certain equations including deformed operators were investigated and their
exact solutions and spectra were obtained [11, 121.

The natural question arises; how to deal with classical systems depending on the
g-derivative of variables and how to describe the time evolution of such a system.
Here we should mention the paper by Caldi [13] in which the evolution of observables
determined by the quantum deformed bracket, as well as g-evolution with respect to
the non-deformed quantum bracket, were described.

In our work we shall deal with classical models and assume that the action includes
g-derivative of variables. We derive the necessary condition for the stationary point
of such functional, e.g. the analogue of Euler-Lagrange equations. Assuming that the
deformed Poisson bracket should determine g-evolution of functions on phase-space,
we obtain the explicit formula for the deformed Poisson bracket and discuss its
properties. It appears that, similarly to the commutation properties of deformed SU,,(n)
algebras, it is neither symmetric nor anti-symmetric.

The paper is organized as follows. In section 2 we give the extension of g-derivative
to the new operator which we call the ¢-derivative. In the following we calculate the
inverse and conjugate operator and investigate their propertics. In section 3.1 we
consider classical models with discrete time, deriving for them Euler-Lagrange
equations and deformed Poisson bracket. In section 3.2 analogous calculations have
been performed for classical deformed models with continuous time.

0305-4470/93/040955 + 13507.50 © 1993 IOP Publishing Ltd 955
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2. g-analysis and its extension

2.1. Definitions

In this section we shall generalize the g-derivatives that are known and used in the
realization of quantum algebras, given by the formulae

2 - T
ouf =L ooy 111t )
aq:(qu_”')dl[gq’_l] éq = (qf_q_l'r)_l[{q"gq"] (2)

where we have introduced a dilation operator acting on the function as follows

{af(7)=f(ar).

Formula (1) suggests the following expression for the general functional ¢-derivative
of the real function

S ~1x)
¢(7)—7

with {, operator of the form
Lof (1) =fl@(r)).

Taking the function ¢ as
¢(r) =g’

one gets the g-derivative, while translation given by the formula
d(r)=7+h

produces the difference derivative also used in functional evolution describing muon
mechanics [14].

35f(7) (3)

2.2. Properties of ¢-differentiation: ifs inverse and conjugated operator

Let us now consider the properties of the defined operator. First we check how it acts
on simple functions of real variables.
On monomials we get

Ba7" = >: H(n)]" @

with the commutation formula similar to that of the g-derivative
deT =1+ P(7)d4. (5)

The formula for exponential function can be easily obtained from the above expression
for monomials .

x 1 n=1 —te
3¢ exp(r) =expy(r}= L - Y le(n] 7k (6)
r=0MN! k=0
Negative powers give, under ¢-differentiation, the following function:
n 1
dg[1/7"]== X% (7}

LT G(a)]
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One can check that ¢-derivative has properties similar to that of differentiation
procedure, namely:
(i) The ¢-derivative is a linear operator

dplaf + Bgl(T) = ad, f(7)+Ba.g().

(ii) The ¢-derivative gives, for products of functions, the slightly modified formula

3af gl7]=084f[71gl 7]+ fld()]o,gl7] (8)
(iii) For the ¢-derivative of composed function we get
34f°8[71=g0g.5-1f[g{7) 18,81 7]. )

(iv) Formula {9) implies the following expression for the ¢-derivative of the inverse
function

Bgosesd” ' [8(TY]=[8,8[7117".

The inverse operator acting analogously to the definite integrals for g-derivatives
is known:

! E

ifg<1 J‘ u(r) dpglry=— T ("""t ~g*"t)u(g*"t) (10)
0 n=0
! 0

ifg>1 J u(r) dp (7)== % (g7 t—q*"1)u(q*"r) (11)
E ] n=0_}

and for symmetric derivatives
. ) .

ifg<t J u(r) dp (7)== (g*"*t—g*"t)u(g*" 1)
4] n=0

ifq>1 J u(r) d#q(,r)=_ z (q2"+2t—q2"t)u(q2"+‘t).
o n=0

It is possible to construct expressions like this for ¢-derivatives provided that the
function ¢ satisfies the conditions—the following limits (finite or not) should exist

a=1ir{'1° ¢ (1) b= lilpmd)"(T) Vre N d" &1,

Let us note that neither of the iterations of function ¢, the condition that coincide
with the unity operator, plays a crucial role in the construction of the ¢ integral. As
examples of such functions we can take ¢(7} = 1/ 7 or ¢ (r) = —+. Considering extension
of our construction to complex variables we see that for a g-derivative, with g equal
to one of roots of unity ¢"” = 1, we would not have been able to build the inverse operator.

Taking these restrictions into account we c¢an obtain the formula for the ¢-integral
after iterating the formula (3) for ¢-derivative and summing up:

[ st dua)=- £ 0= 6wnutemn (12)

2

b o
I u(r) dpglry=— 1 1 (" (1) = ¢" (1) u($"(1). (13)

=

The constructed operator has the following properties:
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(i) It is linear.
(ii} The integration can be done by parts according to the formula (8) for the
¢-derivative

J | 3. [s]glslduy(s) =1 glslli— '[ FT6(5))0ugls] duals). (14)

(iii) After change of variables we get
gl1))

’]
j f(g(S))6¢g[SJd#¢(S)=J( )f(g(S)) Qitgegog=(8(5)). (15)
T 161

The important problem in applications of the proposed formalism is the conjugated
operator of the ¢-derivative. We have two possibilities. One is to find out whether it
could be conjugated for scalar products given by the Lebesgue measure on real, positive
numbers. The other way is construction of a scalar product from an inverse operator
of the ¢-derivative. Such an operator applied to the formula of ¢-differentiation of
product of functions, gives the formula of ¢-integration by parts. Thus, setting functions
describing physical states equal to zero at the boundaries, we shall construct the
conjugated ¢-derivative as in the real non-deformed analysis. The further application
to mechanics produces two sets of models with continuous and discrete time, which
will be the subject of the next section.

First we consider the scalar product given by the integral connected with ¢-
derivative

(flgre= J F(5)8(s) dpa(s)

(6" (11} = &" (1) (9" (1))g($" (1))

itAs
(=3

+ T (6" (to} = &"(to))f(d" (10))g(9" (1)) (16)

irAs
(=]

where a< ;< <b.

The conjugated g-derivative was used by us in the realization of harmonic oscillators
as operators acting on space of functions of real variables [15].

Analysing the general definition (16) we note that the product is degenerate—giving
zero norm for non-vanishing functions. To obtain the non-degenerate form of the
scalar product we must pass from R[ s, 1,], the space of real functions on [#,, 4], to
a quotient space R[ 1, 1,1/~ where the equivalence relation is defined by the formula

f=go{f-glf—8ls=0.
Using the formula (14) for integration by parts and restricting ourselves to the functions
from [ ¢, t,]/= which vanish for t, and #, we get the conjugated operators
95 =340y
The models with continuous time require another definition of scalar product,
However, for integrals with Lebesgue measure the g- and ¢-derivatives do not fulfil
the integration by parts formula. Therefore we must restrict ourselves to integrals over

infinite intervals and apply a change of variables. Still we were only able to build a
conjugated operator for the ¢ function taken as

¢(r)=ar+b
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We should point out that the formulae for operators conjugated with respect to
¢-integral and the Lebesgue measure coincide with these ¢-functions for which both
can be constructed. Therefore, as we will show, for the models with functional evolution
the deformed Poisson brackets are the same for models with discrete and continuous
time.

Let us note that the symmetric g-derivative &, multiplied by an irrational number
i is self-conjugated with respect to Lebesgue measure. This property, similar to self-
conjugated ordinary derivative, differs the symmetric g-derivative from g-derivative
(1) and its generalization. Since such operators give anti-symmetric Poisson brackets
we consider, in the following, non-symmetric derivatives.

The conjugated non-symmetric ¢-derivative can be expressed as a nonlinear func-
tion of function ¢ and the ¢-derivative

=]

d5=-9, L (~1)"[(¢~1)a,]" (17)

It is also important to check the commutation relations of the ¢-derivative and its
conjugation

‘Z ¢a¢,a¢ (‘; ';’2a¢ (18)

353, =

One can see that the last term in the above formula disappears when the function ¢
fulfils the functional equation
T—¢ (1)
¢(r)—7

This is the equation of linear iteration of order 2 [16] and one can check that linear
function

=const=a"" 1) — ()= ad(r) —ar. (19)

d(ry=ar+b (20}

is a solution for arbitrary values of parameter b.
For such functions we have also the following commutation formula for the
¢-derivative and ¢, operator

Bolp1 f(7)=a Ly, f(7) (21)
e f(T) = a"{4ndaf (7). (22)

2.3. Application of ¢-derivative formalism to certain functional equations

To close the first part of our paper we present an application of analysis based on the
¢-derivative idea applied to a functional equation with separate variables

G (7) = ul f(7)1eh(7) g<1. (23)

It can be written down as the following integral equation

*

fir)
J. [u(s)]™ d#fothf_](s) = J W(s) dug(s)

a L+

(24)
k2 f(r)=g’f(r)
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When the integral with respect to the o x,2¢ f ' functional measure can be performed
we get the solution of (23) in an explicit form. We list below a few nonlinear iterative
functional equations and their solutions satisfying the initial condition f{0)=a«a
obtained via the fo k2o f7' integral

8f(r) =f(1)f(g* )y (r)

flry= [L_ I 9(s) du.q(s)]_ 23)
¢ Jo
dgf(7) = [éo[f(r)]"[f(qzr)]"""}- (7)
) (26)
T 1/(n+1)
f(r)=[a”“+J‘o W{s) duq(s)]
3. f(7) = g nl i ('r)]"[f(qzr)]""‘"]_ #(7)
e (27)
flr)=In exp(a)+L (s) dﬁ'q(s)] =a:1n“0 tw(s) d,uq(S)]
. 1 .
=] - 3 e | M at)
L e )T [ fg°7)] 2%)

T —1/n
£(r)= [%+J w(s) duq(S)] .
o 0

As we have shown the general ¢-derivative and integral calculus allows us to solve
some nonlinear functional equations and probably could also be used for 2 wider class
of equations.

In this section we have given a brief review of formulae for analysis based on the
g- and ¢-derivative concept. Gur further aim is to apply this formalism to mechanics
where functional evolution would be considered.

3. g-classical mechanics based on functional evolution

In the preceding section we investigated properties of general functional derivative.
Here we shall use this formalism in mechanical systems which depend on functional
derivatives of variables. One should mention that the functional derivatives, namely
the difference- and g-derivatives, were applied before, both in context of theory of
functional equations as well as in analysis of various physical systems.

However, functional derivatives were then used on the level of quantum
mechanics—in the Schridinger equation or in functional evolution, The last problem
was studied in a paper by Caldi [13] who considered the following ways of time-
evolution:

(1) d/(dt)O =[O0, H],, where evolution is determined by a usual derivative and
deformed quantum bracket, or;

(2) [8),0=[0, H], where the observable evolves under symmetric g-derivative
and non-deformed quantum bracket.
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The author rightly notes that the most interesting case when functional time-
evolution is connected with the deformed quantum bracket is also very difficult to
solve. Apart from technical difficulties in solving the equation of fully deformed systems
in the form 3,0 ={0, H}, or 3,0 ={0, H}, the question arises of how to construct
the deformed quantum bracket. We think that the answer can be found in a careful
analysis of classical deformed systems and deformed Poisson brackets resulting from
the functional evolution of systems depending on g-derivatives.

This section is divided into two parts; for systems with discrete and continuous time.

3.1. Deformed mechanical systems with discrete time

Let us start with the following functional of action

A= j " LIx(7), 8,%(7)] dptg(7) (29)

where we have used the measure defined by (10), (11). We shall be dealing with the
functions, which are in fact equivalence classes from [ &, 1,1/~ and can be identified
with pairs of sequences {{f(g*"to)} o0, {F(@7"t)}_o}. For such functions the following
lernma can be easily checked:

Lemma. If the integral

i
I F(rin(7) dp,(r)=0
o
for any function n Rz, t,]/= vanishing for ¢, and ¢, then the function f=0 for
tg®, j=1,2and k=1.

This is an analogue of the standard lemma used in the derivation of Euler-Lagrange
equations for the stationary point of a functional. Adding the variation axn(t) to
variables x we get the following variation of action depending on arbitrary function
7 and constant o

N fy
SA(a, n)= J Llx+an,ax+adml(7) dpy(7) -I L[x, 0gx}(7) dprg(r). {30
fo Io
Let us analyse the derivative of variation with respect to parameter a:
d “H 8L 8L
— = —+a; — =Q,
3, SAGm) j [ 55 qx] (ry(r) dug(r) =0 (1)

This equation is a necessary, and sufficient, condition for the stationary point of the
functional A. According to the lemma it implies that variable x must fulfil the following
deformed Euier-Lagrange equations:

8L 8L

—+5; —=0 for t,g** = =1.

™ 3 5o, or tgq j=1,2 k=1 (32)
It is clear that for systems with many variables depending on time we have the extended
set of equations:
SL SL ok

—+af——=0 i=1,...,n L j=1,2 k=1. 33
5x, 9 3%, 1 il J (33)
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As an example of such equations we can derive them for the Lagrangian of deformed
classical oscillator

L=3,x9,x/2+m’x*/2

f8;8,+m*]x=0. (34)

The solution is the equivalence class of linear combination of the known Jackson
exponential functions [ 12] where constants are calculated from the boundary conditions
x{to}=x(t;)=0.

Note, also, that for such systems the Lagrangian linear in derivatives can be
considered without using spinor variables

L=xgx+ mx*/2. (35)
The Euler-Lagrange equation looks as follows

[8,+3;+mlx=0 (36)
and after transformation we get the recurrence formula for its solution in the ¢4,

x(q7q*"10) = x(g""20)[2 - m(q* ~ 1) g™ 1] — x(q~*¢*"15) n1

and similar expression for g*"1,.
The next step is construction of the Hamiltonian. We define the g-deformed
momentum as

p=8L/8a,x. (37)
Then we pass to the Hamiltonian of the system
H=pax-L (38)

From the Hamiltonian and Euler-Lagrange equations we are able to derive evolution
equations for phase-space variables

3,x=8H/8p Bap = —Gq {28 H [ 8x. (39)

These equations should determine the evolution of any function of phase-space vari-
ables. The g-derivative of such a function can be divided into two parts

dqulx(r), p(7)]
= (1= @)[xaxpoxu[ ("), x(7)]0gx (7)+ Bpe om0l p(7), 2(1)18,p(r)]

+a[6x=.<qznx“u[p('r),x(f)]aqX(?)+8pu.<,,:=p"u[P('r),x(qu)laqp(f)]-( )
40

In this way we have obtained a formula analogous to the full derivative known in real
analysis. Using formulae for derivatives (39) we get the classical evolution bracket we
aimed for

dqulx(7), p(r)]={u, H};

” 6H
= (1 - a)[axnnqi°x_ 1 u[P(q"'T)a x(T)] 5
8H
- qzap.. k2P T lu[P(T), x(T)]‘.‘;q: '76;]

SH 6H
+ a[axbqu,x— 1uf p(7), x(7}] g—qzapqunp‘ lulp(7), x(q"r)]ﬁq’ g]
(41)
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For a pair of arbitrary functions C and D we have

D
(G, DY = (1~ furiges = 11047, X1 L2 Gty =1CTp(), i o |
p 8x
8D
+a [am,,zox— 1C[p(7), x(7)] D)

8D
_qzap°Kq2°P_1C[P(T): x(qzr)]ng gj] (42)

In fact this is a one-parameter family of brackets but the evolution does not depend
on parameter a, as, differentiating formula (41) with respect to it, we get the following
identity

S ()= () + Pl (alg ) = () =0. (43)
The variable x and its momentum give the following evolution brackets
{px}=-q" {x,p}z=1. (44)

As we see these equalities are also independent from parameter a. It is easy to check
that there exists a whole class of functions for which the evolution bracket does not
depend on a. They should fulfil equations which can be derived similarly to (43). The
function on the left side should fulfil

Clp(ga’n), x(¢°)]1~ Clp(g’r), x(7)]~ CL p(r), x(gr)]+ C[p(7), x(1)]=0 (45)
or alternatively for the right function we get

22 pan) =P+ gL oo (ear) = x() =0, (46)
p &x

Let us quote a few important features of constructed evolution brackets:

{i}) When g -1 the evolution bracket becomes the classical Poisson bracket.

(ii} It is neither symmetric nor anti-symmetric. The commutation relations of
variable x and its momentum are consistent with that of the creation and annihilation
operators for SU,(2) algebra.

(iii} The Hamiltonian (38) is, in most general cases, not constant in time. However
setting it as a function of x or p only we get the conserved Hamiltonian. For general
cases we must solve the functional equation

du={u, H};=0. (47)

We have solved this eguation for two particular cases:
(1) If the Hamiltonian is a sum of parts depending on one phase-space variable

H=H\(x)+ Hyp).

The constant in time modification of the Hamiltonian is as follows

Pt} syy B 1) sH
Hq=J —[P 1(7')] d)upon.,zop_l(’r)'!'qzj g’q'_’ ('T) dpxnxl!zcx“l('?)

e O (48)
x(0) = lim (xokgox™)(r)  pl0)=lim (pexgiop™') ().

{2) If the Hamiltonian is given as a product of functions depending on one variable

H=H,(x): H,(p)
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we have the constant of evolution

He= | [ b |t e duper- 1514

pl0}
x(t)
X j [g % / Hl][p"(r)l dftargaen —1(7). (49)

x(0Y

All the above calculations can be straightforwardly extended to systems with many
variables. Similarly to our simple model the result is a many-parameter family of
evolution brackets. The evolution of functions and brackets of phase-space variables
does not depend on parameters. The procedure is analogous to that presented above
so here we quote only the results. The g-derivative of function u, depending on many
variables after using Euler-Lagrange equations (33) and extending the Hamiltonian
{38), can be written in the following form:

dulp(t), x()]=0ulf()]= ¥ au Z 85, exzor UL S ()] (—q ng)s’f
(x) '

5;=0 when k;>n
;=1 when k=n

fa=[£(g*" %] i=1,...,2n

fle=Th(g o™l n)] i=1,...,2n
Fr=[A(g* S=1)] i=1,...,2n (50)
where
L am=1 (51)

perm
(k)
The deformed evolution bracket derived similarly as in the simpler case depends now
on (2n)!—1 parameters

{C, Y= % ay Z 3y, w7 LY - (—g°L2) 8D/ 8f;.. (52)

perm
(k)
It is simple to check that the evolution brackets of the phase-space variables do not
depend on parameters

{pu )‘?j}[qa] = _qzsrj {xu Pj}%d] = Sij (53)

where we have only written the non-vanishing evolution brackets. Let us notice that
the remarks about the properties of the evolution bracket also hold in this general case.

In the presented analysis, only the systems with g-derivatives of variables were
considered. As we have formulae for conjugation of arbitrary functional derivatives
we are ready to extend the calculations. However, the independent of time evolution
bracket would be obtained for ¢-linear function only. For other functions we have
brackets between the variable x and its momentum depending on time. We hope to
present these results in a subsequent paper.
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3.2. Deformed systems with continuous time

According to the formulae of conjugation for functional derivatives, as long as we
restrict ourselves to function ¢-linear, we can build the action over the continuous,
infinite interval of time

A= J.m Lixi(7), 3z (7)] d~. (54)

In this model we assume X; to be continuous functions on [0, o0]. The expressions
derived in section 1.2 for conjugation with respect to Lebesgue measure are the last
needed step for construction of Euler-Lagrange equations of a stationary point. They
have identical form to the previously given equation (33) for systems with discrete time
but are now fulfilled for r<[0, o]

6L 8L

gt ——=0 i=1,...
5% 0 55 i=1,...,n

(55)
H=p,aqx,—L

Here we summarize the results as the procedure is similar to that used in the preceding
section. We have the following evolution equation, identical in form with the equation
for systems with discrete time

8H
dul p(2), x(1 =3, ul f)]={w, H} = ¥ ay, z 8 amgper i BLL D (gL ) - A
perm 4

(&)

5;=0 when k>n

5,=1 when k=n

Fa=[A(g? 3] i=1,...,2n

o= )] i=1,...,2n

Fo=[f(g?" R=tte)] i=1,...,2n (56)

where
Z a(k) = 1.
perm
(k)
Formulae for evolution brackets of phase-space variables coincide with (53)
8D

o (57

{C, D)1= X ) }: 8 owgzerz CLF(0)- (=4 f.f)“
(k)

Also the remarks about constants of evolution and the solutions {48), (49) for particular
cases of Hamiltonians apply to the model with continuous time.

We end this section with an example of a system with constraints which can be
considered both as continuous or discrete time modeis.

3.3. Example
Let us start with the following linear Lagrangian derivative of complex field

L=x3 % +x3.5+ V(x, %). (58)
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Deriving the momenta we get the constraints

JBL o oL
d 8% P 8o, %
xn=p—x Xy=p—x

which are second class and conserved in time.
So we should modify evolution brackets (52), (57) in a similar manner to the
procedure of Dirac quantization of systems with second-class constraints [17, 18]
Modified evolution brackets look as follows

{C, D} ={C, D}3 ~{C, Xu}§{Xas X}~ 'eslXs,» D}g (59)
and for variables and their momenta we have
{p.p}e ={%p)e ={p 517 =15 2] ={B, 5}7 ={x, P}7 = (B x}7 = {x x}J =0
{p.5)7 =% P} ={p x}] = {2 x}7=~¢"/2
{0} ={xp)g ={5 3} ={x %17 =1/2.

It is interesting to note that in our example physical variables (on the submanifold
given by constraints} can be chosen to fulfil symmetric or anti-symmetric modified
evolution brackets

{p+oax,p+Bilo=—q"/2+aB/2
{p+BZ%,ptaxlp=1/2+aB(~q"/2)
accordingly for @8 =1 or aff = —1.

(60)

4, Final remarks

In this paper we have studied the properties of general functional derivatives and
presented conjugation formulae for discrete and continnous time functionals. We
applied the evaluated methods to classical mechanical systems depending on g-deriva-
tives. Assuming that g-evolution of functions on phase-space is determined by an
evolution bracket with a Hamiltonian, we derived the explicit form of many-parameters
family of evolution brackets. We showed that the evolution as well as canonical
evolution brackets of phase-space variables do not depend on parameters. Investigated
models have non-symmetric evolution brackets resembling deformed commutators of
independent oscillator realizations of SU,(n). The characteristic feature of such systems
are non-conserved Hamiltonians. However we were able to construct, for certain classes
of Hamiltonians, constants of eveolution. It is also clear from our construction how we
would evolve systems dependent on general ¢-derivatives of variables. For linear
functions we get formulae identical to that presented in section 2 while the arbitrary
function ¢ implies time-dependence of evolution brackets on phase-space.

Many interesting problems for such models remain unsoived. One of them is the
extension, to complex functions, of complex time. When g is complex the calculations
can probably be easily generalized both in discrete and continuous time realizations,
if it is not a root of unity. For g-root-of-unity the inverse operator cannot be uniquely
determined. This fact would in our opinion provide a serious difficulty in the construc-
tion of the discrete time model.
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Another open question is quantization of such models. So far we do not know any
reliable prescription of how to pass {rom classical to quantum evolution bracket.

Finally the problem arises whether models depending on different functional
derivatives (for example different g,-derivatives) can be treated similarly to the
presented systems depending only on the one functional derivative.
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